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Abstract 

We show a very simple and general total second variation formula for 
Perelman's W-functional at arbitrary points in the space of Riemannian 
metrics. Moreover we perform a study of the properties of the variations 
of Kahler structures. We deduce a quite simple and general total sec- 
ond variation formula for Perelman's W-functional with respect to such 
variations. In this case the main therm in the formula depends strongly 
on the variation of the complex structure. We discover also convexity 
of Perelman's W-functional along particular variations over points with 
non-negative Bakry-Emery-Ricci tensor. 



1 Introduction 

Total second variation formulas for Perelman's W-functional at a shrinking Ricci 
soliton point were obtained independently by Cao-Hamilton-Ilmanenen [C-H-I] , 
Cao-Zhu |Ca-Zhu) and Tian-Zhu |Ti-Zhu) . The work of Cao-Zhu jCa-Zhu] is 
based on the previous work of Cao-Hamilton-Ilmanenen |C-H-Ij . Important 
applications to the stability and the convergence of the Kahler-Ricci flow over 
Fano manifolds were given by Tian-Zhu |Ti-Zhu| and by Tian-Zhang-Zhang-Zhu 
|T-Z-Z-Z] . The second variation formulas obtained by the previous authors are 
of different nature from ours. We explain now our set-up and results. 

Let (X, g) be a compact oriented (for simplicity) Riemannian manifold of 
dimension m and let / be a smooth real valued function over X. We remind 
that Perelman's W-functional is defined (up to a constant) by the formula 

W{gJ) := / (|Vg/|2 + Scalg +2/ - m)e-^'dVg. 

Let also O > be a smooth volume form over X. We remind that a remarkable 
result due to Perelman jPerj asserts that the first variation of the functional 

Wo(ff) := W{g,logidVg/n)) , 
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at a point g is given by the formula 

where RiCg(il) is the fi-Bakry-Emery-Ricci tensor. (In the appendix 1 7. 2 1 we give 
a straightforward proof of this formula based on the variation formula for the 
fi-Bakry-Emery-Ricci tensor.) This formula shows that Perelman's modified 
Ricci flow type equation is the gradient flow of the functional Wn with respect 
to the metric 



G 



X 



over the space of Riemannian metrics. We remind that the space of Riemannian 
metrics equipped with this metric is a non-positively curved space with geodesies 
given by the formula 

gt = goe^'^'iio 

Thus it is natural to compute the total second variation of the functional Wo 
with respect to the metric G. In this paper we obtain the following quite 
simple and general second variation result at arbitrary points in the space of 
Riemannian metrics. 

Theorem 1. Let {X,g) be a compact and orientable Riemannan manifold and 
let > be a smooth volume form. Along any smooth curve {gt)te{-e,e) of 
Riemannian metrics hold the second variation formula 

VGDWn{gt){gt,9t) = J^{9fmc*jn),gt)^^n 



X 



(1) 



where Ric*^(r2) denotes the endomorphism section associated to the fl-Bakry- 

Emery-Ricci tensor and Vg denotes the symmetrization of Vg acting on sym- 
metric 2-tensors. 

This formula suggest naturally the introduction of the vector space 



:= 



{v^C^{X,SlT*^) I v^^^^v; = o} , 



where denotes the covariant exterior derivative acting on Tv-valued dif- 

ferential forms and v* := g^^v denotes the endomorphism section associated to 
V. Indeed we observe the following corollary. 

Corollary 1. Let {X,g) be a compact and orientable Riemannan manifold and 
let > be a smooth volume form. Then for all v € Fg hold the second 
variation formula 



VcDWnig) {v,v) 



X 



(i;.Ric;(f}),«)^ 



2 \ 9 \g 



(2) 
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In particular if g satisfies the inequality RiCg(f2) ^ eg, for some s ]Ft>Oi the 
the bilinear form 

Vg DWn{g) ■■ X Fg R , 
is positive definite and for all u £ Fg hold the inequality 



VGDWnig){v,v) ^ 



X 



i2 1 1^ |2 



17 ^ 0. (3) 



An other surprising consequence of the proof of Theorem [T] is a drasticaUy 
simple second variation formula for the functional Wn over the space of Kahler 
metrics with respect to a fixed complex structure. 

Lemma 1. Let {X,g,J) be a compact Kdhler manifold and let > be a 
smooth volume form. For all J -invariant v G (X, S'^Tj) such that the 
differential form vJ is d-closed hold the second variation formula 

VGDWnig)iv,v) = f {vRicl{n),v) n. 

Jx " 

In order to obtain our general second variation formula for the functional Wn 
with respect to more general variations of Kahler structures we need to perform 
a detailed study of their properties. This is done in detail in the section [5l Our 
main result is the following. 

Theorem 2. (Main Result). Let {X,g,J) be a compact Kdhler manifold, let 
fl > be a smooth volume form and let (gt, Jt)t£(-e,e)j g — gojJ — Jo be a 
smooth family of Kdhler structures such that Jt = {Jt)^^- Then at the point g 
hold the second variation formula in the direction v := ijo 



|^|Tr,[KfRic;(17)] + i|v°;^,(.;)r|g}^^ 



VGDWn{g){v,v) 



where (Vg)j'°, (fg)"'^ denote respectively the J-linear and J -anti-linear compo- 
nents of the endomorphism section v* . In particular if v d Fg then hold the 
identity 



VGDWn{g){v,v) = [ Tr^[iv;fRic;in)]n 

Jx 



We observe that the variations of Kahler structures such that Jt = [Jti^^ are 
quite natural in Kahler geometry (see |Donj for example). Moreover from the 
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point of view of applications is seems to be useless to consider more general type 
of variations. It is easy to see that for this type of variations hold the identity 
JJo = iv*)'^^'^. (See the section [S]) This shows that the main therm in the 
second variation expression depends strongly on the variation of the complex 
structure. We point out also that the Fg-valued variations of Kahler structures 
enjoy the following remarkable property. 

Proposition 1. Let {gt)t^a be a smooth family of Riemannian metrics such 
that gt G Fgj for all t ^ and let {Jt)t^o be a family of endomorphism sections 
of Tx solution of the ODE 

2 Jt = Jtg*t - g*tJt , 

with Kdhler initial data (Jo,(7o)- Then {Jt,gt)t^a is a smooth family of Kdhler 
structures. 

Relevant applications of this fact will be presented in a forthcoming work. 
We expect that our main result will imply quite sharp stability statements. We 
postpone this considerations in a forthcoming study. 

2 The first variation of the Q-Bakry-Emery-Ricci 
tensor 

Let f2 > be a smooth volume form over an oriented Riemannian manifold 
{X,g). We remind that the f2-Bakry-Emery-Ricci tensor of g is defined by the 
formula 

Ricg(r!) := Ric(5) + Vg d log ^ . 

A Riemannian metric g is called a f2-Shrinking Ricci soliton li g = RiCg(ri). 
We define the the symmetrization of Vg acting on symmetric tensors as the 
operator 

Vg : {S^Tlt) {SP+^T;i) , 

p 

Vg a(Co,---,Cp) = ^ VgQ(^j,^o,---,0,---,Cp) • 

3=0 

We observe in fact that 

Vg : (s^n,) ^ in, 0, s^n,) . 

With this notations hold the following variation result. 

Lemma 2. Let {gt)t be a smooth family of Riemannian metrics over an ori- 
entable manifold oriented by a smooth volume form f2 > 0. Then hold the first 
variation formula 

2^RiCg,(r!) = e^^ dWg, (e-f^VgJt) , 
where ft :— log andVg := V^ _ 2Vg. 
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Proof. A very large part of the proof is taken from a standard computation in 
[Besj . We include it here for readers convenience. We remind (see |Bes| ) that 
the first variation Vg^ of the connection is given by the formula 

2 3t (Vg,(^,r/), pi) = Vg,gt(C, 77, m) + ^ gtdtiv, ^, ^J-) - Vg,gt(M, ??) • (4) 
This rewrites as 

2 5t (Vgt m) = ^gt9t{^,'n,fJ-) - 2 Vg,gt(^,f,?7) 

thanks to the symmetry properties of Vg^ gt ■ We infer the identity 

2gt{VgA^,v),^^) = 2?g,5t (/^,C,'7) ■ (5) 
Taking a covariant derivative of this identity we obtain 

2fft(Vg,Vg,(C,^,r?),/i) = Vg,I?g,5t(C,Ai,^,r?). (6) 

We observe now 
d 



— Ric(5t) j (^,77) = Tr^ TZg^ {■,£_)!] = ^ (^tg, (e^, 0»7, e. 



-3 1 ' 



for any gt-orthonormal frame {ej)j. This combined with the variation identity 

T^gti^,V)f^ = Vg, Vg, ?7, A*) - Vg,Vg,(77,C,^) , (7) 

(see [Bes] ) implies the expression 
2 5t (7tg,(ej,0'7,ej) = 2 gt (v g,{ej,^,rj), Cj 

- 2^4 ( Vg,Vg^(C,eJ ,77),eJ 



= ^gt'^gt9t{ej,ej,C,v) ~ Vg,Pg,gt(^, e^-, e^-, 77) , 

thanks to the identity Let (xi, be gt-geodesic coordinates centered 

at an arbitrary point p and set :— -^r^- Then the local frame {ek)k is gt{p)- 
orthonormal at the point p and satisfies Vgtej(p) = for all j. We take now the 
vector fields ^ and 77 with constant coefficients with respect to the gt-geodesic 
coordinates (xi, ...,x„). Therefore Vgj^(p) = ^gtVip) = 0- We infer the identity 
at the space time point (p, t) 

^gt1^gt9t{i,ej,e.j,rj) = Vg,,^ [ 2?gjt(ej, g^T^e*, 77)] 

= Vg„4 [(Trg, Vgjt){v)]- 
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We observe indeed the trivial identities 

Trg, gt = Tr^ {9t^9t) 

n 

i=i 

n 

i=i 

n 

= ^9t{e3^9i^e*) . 

Deriving this last identity we get the formula 77. Tr^^ gt = Tr^ ^gt.rjgt- Moreover 
the identity combined with ^ gives 

'Dgt9t{ej,ej,r]) = V gjt{ej , e-j , tj) + \7gjt{r],ej,ej) - Vg,gt{ej,e.j,Tj) 

We deduce the identity (Tr^^ Vg^gt) = Tr^ Vgt,rigt and thus 

We obtain the variation formula 

2^Ric(5t) = div<,,Pg^5t - Vg,dTr<,,5t. (8) 



We observe now the identity 

d 
It 

Time deriving the definition of the dual connection we obtain the identity 

for any 1-form a. By applying this identity to a — d ft we infer 
2Vg,dft{^,v) = -2dffVgM,v) 



'^91 {^gA^,V).^gJi 
T^gtgti^gtft.Lv) , 



i.e. 2'y g^d ft = —^gtft^T^gt9t, where denotes the contraction operation. 
Thus hold the formula 

2^Vg,d/t = -VgJt^Vg^gt + Vg.dTrg^gt, 



since 2 ft = Tr^^ gt. Using the identity we obtain 

d 
dt 



= e^'TTg,{e~f'Vg,VgJt + de-f'®Vg,gt) 



9t 



This conchides the proof of the lemma. □ 

We denote by P* the formal adjoint of an operator P with respect to a 
metric g. We observe that the operator 

P;- := e/p;(e"/.), 

is the formal adjoint of P with respect to the scalar product (•, •)^ ft. With 
this notations hold the following corollary 

Corollary 2. Let X be an orientahle manifold oriented by a smooth volume 
form > and let {gt)t be a smooth family of Riemannian metrics. Then hold 
the first variation formula 



^Ric3,(r!) - V*g^Vg,gt - \ 



Proof. We remind that V* = — divg and that V* — 3V* in restriction to 
symmetric 3-forms. (See the subsection 17. II in the appendix). This last identity 
implies Vgf = SV^f in restriction to symmetric 3-forms. □ 



3 Geodesies in the space of Riemannian metrics 

The content of this section is well known. The presentation is adapted to our 
particular situation. Moreover a formula below will be needed in the next sec- 
tion. 

The differential point of view. Let U := L"^ {X , Sl^T^) . We equip the 
set C H of smooth Riemannian metrics over X with the Riemannian metric 

Gg{u,v)^ l^{u,v)^n, (9) 

for all g e and u,v G H. We observe now that any element u G 
can be considered as a morphism u : Tx — T^. Thus we can define the 
endomorphism u* :— g^^u. With this notation hold the identity 

{u,v)g = Tr^(u*i;*), (10) 
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for all w, w G S'^T^. Using the identity ([TU)) we compute now the Frechet 
derivative 

DgG -.nxn^n* , 

of the metric G at a point g £ A4. For this purpose let (5s)se(-e,e) C be a 
smooth curve and for notation simplicity let denote u* :~ gl^^^u. Then hold the 
equalities 

= Tr,(^-«,., + u,-v,j , 
and < = -9*s K since £ g-^ ^ -gj^ gs 9s^- Thus 

^('">t^)g, = - Trj^(5r<< + <5rO 
Tr^, [gs u^Vs) , 

since gs is also symmetric. Indeed we observe the elementary identities 
Tr^ [("s 5 J«s J = Tr^ [w, (u, 5, )J 



= Tr^[<«5*)]r 
= Tr^ 

= Tr^(£'KO, 

where denotes the transpose of A with respect to gs- So if we set g ■— go 
and h :^ go we infer the identity 

DgG{h,u)v = - 2 / Tr^(/l;^.;^;;)^! 

Clearly the domain of DgG is of type E x H, with E C H a linear space dense 
inside TL. We remind now that the Levi-Civita connection Vg = D + Tq of G 
is given by the formula 

2TG{g)iu,v) G-'\DgGiu,v) + DgG{v,u) - DgG{;u)v 
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We explicit the therm 

DgG{u,v) + DgG{v,u) - DgG{;u)v 

Jx 
Jx 

= - / Tr, {u; v; + v; u; n 

Jx 

= - (™s + K ' •)s ^ ■ 

We infer the identity 

2TG{g){u,v) = - uvg - vu*g. (11) 
We deduce that the equation of the geodesies gt + ^G{gt){gt, gt) — , writes as 

gt - gt gi^gt = , 

(we consider gt as a morphism gt : Tx — > T^) or as gl — {glY = 0. Moreover 
time deriving the identity gt = gt gli which defines the endomorphism ,we 
obtain the expression 

. .* d 

gt = gtgt + 9t -^gt , 

and thus 

= g; - {glf = (12) 

But the equation (|12p imphes the identity g^^gt — go^go- Thus the geodesic 
writes exphcitly as 

gt = goe*5o"^". (13) 

We show in the subsection 17.31 of the appendix that the Riemannian space 
{A4,G) is non-positively curved. 

The metric point of view. For any go,gi € Ai we consider the set of 
curves 

C\go,gi) := {h e G\[0,1], M) \ ho = go, h, = 51}, 
and the distance function 

/ \ht\l^ ■ 
Jx 



C^G (50,51) 



inf 



dt 
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Let {gt)teTR. C be the unique geodesic joining go to gi. Then 

-,1/2 



dGigo,gi) 



Jx 



X 



1/2 



X 



Tr, [log(go-i5i)] ^ 



-,1/2 



thanks to the expression of the geodesies ((13)) . We observe now that a sequence 
{gk}k C is dc-Cauchy if and only if the sequence {^og^g^^ gk)}k is L^-Cauchy. 
Indeed hold the identity 



dG{gk,gk+i) 



X 



Tr^t [log(go - logCgg \gfe)] ^ 17 



1/2 



This is because for any go-symmetric endomorphisms A, _B, C, with A,B>{), 
the identity 

Tr^(Ai?C) - Tr^(i3AC), 



implies 



Tr, [log(Ai3)C] = Tr, [(logA + logi?)C] 



We obtain 

dG{gk,gk+i) = 
since the endomorphism 



X 



log(5o ^9k+i) - log(5o ^9k)\g^^ 



1/2 



log(ffo ^9k+i) - log(5o ^9k) , 
is go-symmetric. We infer that the metric completion J^'^^ of (A^, da) is given 

by 

M"^ = [g e Mes(X,52ri)/,., \ g ^ 0, log(g„-\g) e End(Tx))} , 

where the notation /a.e means the almost everywhere equivalence relation. 
Moreover is clear that 

Using quite elementary relaxation considerations we can show that the metric 
space {M'^° , do) is a non positively curved length space in the sense of Alexan- 
drov. 
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4 The total second variation of Perelman's W 
functional 

We give now a proof theorem [TJ 

Proof. Let ht := gt — RiCgj (fl). The computation of the geodesic equation done 
in the previous section shows 

^G9t{.gt) = gt + ^G{gt){.gt,gt) = gt - gt gt ■ 

We infer that the Hessian of Wo with respect to the Riemannian metric G is 
given by 



yGDWnigt){gt,gt) 



d 
di 



migt) - ^Wn(VG<?t(5t)) 



{gt , ht)g^ n - 

[ ^{gt, ht), n 
Jx dt ' 'ft 

9: - {9*tf)h 
/J Tr. - /^T. 



{Vagtigt) , ht)^n 



Tr„ 



dt 



5t /i* 



Tr„ 



X 



• * I* 



Tr, 



Tr^ [(g,*)' Z^:] + 



Using corollary [5] and integrating by parts we infer 

[9t,Vl?Vg,gt) n 



X 



X 



gt,Vg?Vg,gt) n 
X ^ 'at 



X 



" 1 If7 • |2 






6 \^a^9t\g^ 
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which implies the required second variation formula 



□ 



We deduce easily corollary [T] 

Proof. The assumption v G Wg implies that the tensor Vg v is 3-symmetric and 
thus Vg w = 3VgV. Then the variation formula (H]) implies We show now 
the inequality ([3]). Let {ej)j be a g-orthonormal basis and observe that 

Tr^[(«;)2Ric;(f])] = Tr^[i;;Ric;(f])^;;] 

= 5'(Ric*(17)w*ej,t;*ej) 

which shows the required inequality. □ 

We show now lemma [TJ 

Proof. We remind first that any smooth volume form £7 > over a complex 
manifold {X, J) of complex dimension n, induces a hermitian metric ft-ji over 
the canonical bundle , A"'°T* given by the formula 

hn{a,P) ■■= ^ ■ 

By abuse of notations we will denote by the metric Hq. The dual metric 
h'^ on the anti canonical bundle K~^^ = A"'°T^ is given by the formula 

hhitv) = Hfnii,f])/n\. 

Again by abusing notations we denote by the dual metric h'^. We define the 
fi-Ricci form 

Ric,(r!) := iCn{K~\) = - tCn-i{K,,) . 

In particular Ric^(aj) — Ric^(cLi"). We remind also that for any J-invariant 
Kahler metric g the associated symplectic form uj := gj satisfies the elementary 
identity 

Ric(5) = — Ric J {uj) J . 
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Moreover for all twice differentiable function / hold the identity 



Vgdf = -{id,dJ)J + gd^^Vgf 
We infer the decomposition identity 



Ricg(f]) = - Ric,(f])J + gd^^ Vglog'^. (14) 

Let now {gt)t be a smooth family of J-invariant Kahler metrics such that go — g 
and go = V. We claim that 



gt , ^ RiCg,(r2) 







9t 



In fact time deriving the complex decomposition formula (|14p with respect to 
the evolving family {gt)t we obtain the identity 



dt 



RiCg,(17) = gtd^^ VgJt + ft ( ^ Vg, /( 



Thus 



= Tr. 



Tr^ 



{glYd^^^^gJt 



Tr 



= 0, 

since gt is J-invariant and the endomorphisms 

are J-anti-linear. The conclusion follows from the last expression of the second 
variation of the Wji functional obtained in the proof of lemma [T] □ 

In order to compute our general total second variation formula for Perelman's 
W-functional with respect to variations of Kahler structures we need to perform 
first a careful study of their properties. This is done in detail in the next section. 
It represent the key step which allows us to obtain our main result. 
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5 Properties of the variations of Kahler 
Structures 

Let A4 C C°°{X,S'^T^) be the space of smooth Ricmannian metrics over a 
compact manifold X,\et J' C C°° {X,End^{Tx)) be the set of smooth almost 
complex structures and let 

ICS -.^ |(J,<7) e J X I g = J*gJ, VgJ = o}, 

be the space of Kahler structures. We remind that if yl G Endjj(rx) then its 
transposed with respect to g is given by the formula 

= 9''A*g. 

We infer that the compatibility condition g — J* g J is equivalent to the condi- 
tion 

Jj = J. 
We observe now the following elementary lemmas. 

Lemma 3. For any smooth path (gt, Jt)t ICS hold the equivalent identities 

'2{g;fj' = - JtJt - {Jtjt)l , (15) 
Wl + Jt ^ Jtgt - 9*tJt, (16) 

Proof. Time deriving the compatibility condition gt = J^gtJt we obtain 

gt = j^gtJt + j;gtJt + JlgJi, (17) 
Multiplying both l.h.s of pT)) with g^^ we infer 

g; = j^Jt + J^g:Jt + JlJt 

= - {Jtjt)l - JgUt - Jjt, 

and thus ([15]). We observe now that the identity (jTS)) rewrites as (|16p since the 
endomorphism (^t)gf Jt-anti linear. □ 

Lemma 4. Let {gt)t^o be a smooth family of Riemannian metrics and let 
{Jt)t^Q be a family of endomorphisms of Tx solution of the ODE 

2jt = Jtg*t - g*tJt, 

with initial conditions Jg = — l^x ^''^^ ("^o)go ^ ^ Jo- Then this conditions 
are preserved in time i.e. — — Itx o,nd {Jti^^ — — Jt for all t ^ 0. 
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Proof. Expanding the time derivative of J| we get 



= JU; - gtJf. 



Thus the condition J? 



Itx is preserved for all t ^ 0. Dualysing the 



evolution equation of Jt we infer the equation 

= 9t9t'Jt* - Jt*9t9t' ■ 
Thus if we set Mt := gtJt + Jf 9t, then the time derivative of Mt expands as 
2Mt = 2gtJt + gt « - g*t Jt) 

+ 2j*gt + 2J*gt 



= 2gtJt + gtJtgt - 9tJt 

+ 9t9r^Jt9t - Jt 9t + '2Jt9t 

= gtJt +Jt9t + gtJtgt^gt + gtgi^Jlgt 
= gtJt + Jt 9t + Mtgt^gt 
- Jt 9t + gtgr^Mt - gtJt 

= Mtgt^gt + gtgt^Mt , 

which implies Mt = 0, by the uniqueness of the Cauchy problem since Mq = 0, 
by assumption. We infer that the condition ( = — Jt is also preserved for 



all t > 0. 



□ 



We introduce now the following quite standard notations. For any section 
S eC°° {X, E)oiE:= End^ (T^ ) and any i,r]&Tx we define 



KjS{^,v) ■■= ^[yaSii,7j) + JVgS{J^,v) 
We define also the J-anti linear operator 
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For any J ^ J and any J-invariant 5 £ we define the vector space 



With this notation hold the following fundamental lemma which represents the 
key result of this section. 

Lemma 5. Let {gt)t^a be an arbitrary smooth family of Riemannian metrics 
and let {Jt)t^o be a family of endomorphism sections ofTx solution of the ODE 

2jt = Jtg; - g;Jt, 

with Kahler initial data (Joi5o)- Then {Jt,gt)t^a is a smooth family of Kdhler 
structures if and only if gt G ID^^ foralH ^ 0. 

Proof. We set Mt := ^gtJt and we expand the time derivative 
2Mt = 2Vg, Jt + 2VgJt 

= 2Vg,Jt + VgAJtg: - gUt) 

= Mtgl - gtMt + 2V<,,Ji 

+ Jt ^gt gt - Vg, gl Jt . 
We observe now the identity 

(Vg,Jt)7y = ^gAJni) - Jt^g.-n, 

for all 77 G Tx- Moreover the first variation formula for the Levi-Civita connec- 
tion (jH implies the identities 

2 Vg, [Jt = Vg, gl JtV + {Jt V) - Vg, " (Vg, J* , 

- 2JtVg,r] = - JtVg.gt?] - TJ^Jt^g^gt + -^^t (Vg, 5t ??)g, ■ 

We deduce the equalities 

Ttv ■■= (2Vg,Jt + JtVg.gl - yg,g*tJt)fl 

= 2VgAJtri) - 2JtVg,r^ 
+ JtVg^gt - "^a.gUt 



{JtV)^'^g.9*t - i'^g.atJtV) 



Jt Vg, g*t + Jt (Vg, gl 7])^^ 
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Multiplying on the l.h.s with gt we infer for all ^, /i € Tx the expression 

= 9t{ygt9*t{Jtri,0^ij) - gti'^gtgtii^^Jtv) ,£,) 

+ 9t{'^gt9tiv,0,Jt/J') - 9t{£.,^gt9t{'JtlJ-,ri)) 

= ^gt9t{Jtri,(,,li) - ^gt9titJ',JtV,0 

+ Vg, 3t(?7,^, JtA<) - Vg^gt{JtlJ.,V ,0 

= Vg, fi(t(Jt?7,^,/x) - ygt9tifJ',^,JtV) 

= 2gt(vl^ljj;{rj,0,Jtfi) - 2gt(vl]JJt{Jt^i,0,V 

thanks to obvious symmetries of Vg^ gt- Thus the equation 

2Mt = Mtgl - glMt + , 

with initial condition Mq = (thanks to the assumption) shows that Mt = 
if and only if Tt = 0, i.e. if and only if the endomorphism 

V°'^ a* ■ e 

is (7-symmetric for all ^ G Tyand alH ^ 0. □ 

We deduce the following remarkable corollary. 

Corollciry 3. Let {gt)t^o be a smooth family of Riemannian metrics such that 
9t S Fgj and let {Jt)t^o be a family of endomorphism sections of Tx solution 
of the ODE 

2 it = Jtgt - g*tJt , 

with Kdhler initial data {Jo, go)- Then {Jt,gt)t^o is a smooth family of Kdhler 
structures. 

Proof- We show that gt E T)g^ for all t > 0. For this purpose consider the 
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2-tensor defined by the formula 

2N,^{u,v) := 2gt(ylfjj;iu,0,v) 

= gt(u,i,v) - Vg, gt {Jtu ,^,Jtv) . 

This last expression shows that 7V| is symmetric for all f ^ and all ^ G Tx ■ In 
fact the 3-tensor Vg^gt is symmetric for alH ^ since gt S Fgj by assumption. 

□ 

We give now a better description of the vector space Dg in the case (J, g) G 
)CS. We start with the following quite elementary fact. 

Lemma 6. Let {J,g) € )CS. Then for all v G Dg and ^ G Tx the endomor- 
phisms 

and 

are g-symmetric. 

Proof. We observe first the decomposition formula 

We observe also that the last endomorphism on the r.h.s is ^-symmetric. In fact 

(JV°;>^JOr = -V°;>*(J-,JO 

We infer that the endomorphism 

is also 51-symmetric. In a similar way we deduce that the endomorphism 

is also (^-symmetric. □ 

We compute now the tangent bundle to the space of (integrable) complex 
structures. This result is well known. We include it here for the sake of com- 
pleteness. 
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Lemma 7. Let {Jt)t d J he a smooth family of complex structures. Then hold 
the identity 

Jt = 0. 

Moreover any smooth path {Jt,gt)t C ICS satisfies the property 
Proof. We write first tlie expression 



1,0 



1,0 



£0,1 0,1 



0,1 



for all ^, 77 G C°°{U,Tx) over an arbitrary open set U C X. Time deriving the 
integrability condition 



fO,i 0,1 



1,0 



0, 



we obtain the equalities 



= - Jt 



£0,1 0,1 
£0,1 0,l' 



+ 

0,1 



1,0 



+ 



1,0 



Jt 



thanks again to the integrability condition of the complex structure Jt- Then 
the identity 

follows from the equality 



1,0 



T tO,l 
"^*^Jt ' 



thanks to the Jj-anti- linearity of the endomorphism jj. Thus for any smooth 
path {Jt,gt)t C ICS, the identity 







gt,Jt 



9t,Jt^ 



implies the required conclusion. 



□ 



The following characterization will be quite crucial for the proof of the main 
theorem. 
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Lemma 8. Let (J, g) 6 JCS and let A £ C°°{X, - j^c be g-symmetric. 

Then the conditions 



v°;:;A.c = {vl'U-^Y > (18) 



v";jA e 5^Ti®rx, (19) 

d^^^A = 0, (20) 

are equivalent. Moreover if B £ C°°{X,T^ j 0^ Tx,j) is g-symmetric then the 
conditions 



K'jB-^ = {"^"s^jB-^y , (21) 



Vj;°S G (22) 
dLB ^ 0, (23) 



are equivalent. 

Proof. We observe first that the identities 

T 

) 



C-V^;°A = (c-vJ;",a)^ , (24) 



C-V°;:,A = (e-V-^A) , (25) 



are direct consequence of the identity A — A^ . Using ((25)) we show that 
imphes (fT9)) . In fact for all £,,ri, £ Tx hold the equalities 

g{wl]jA{^,r^),f?j = g{^n,Vl]jA{^,f,)) 
^ g[fi,Vl'jA{^,0) ■ 



We observe now that ([25]) and (I19p imply directly ([T8| . We observe also that 
the identity (|T5)) is equivalent to thanks to the formula 

d^^^A{^,f^) = Vl]jA{^,r^) - S/l:]jA{r,,0- 

We show now the statement concerning the J-linear endomorphism B. We ob- 
serve first that the identity 

^^^l'°B = (e-V^;^i?)^ , (26) 
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follows immediately from the symmetry identity B = Bj. We show that (|22p 
follows from (l26l) and (|2T|) . In fact for all £,,rj,ii G Tx hold the equalities 

- .9(v^;',S(ry,Ai),e) 

which is equivalent to the identity p2|). We show now that ((22)) implies (|2T|) . 
In fact 

Finally we observe that the identity is equivalent to (1^51) thanks to the 
formula 

□ 

We observe in conclusion that for any Kahler structure (J, g) hold the equal- 
ities 

= [v^C^{X,Sm) I dl^y^Yf = 0, = o} . (27) 

and _ 

= e ro;; I d^^Jvlff = - a^,,(«;)°/^} , (28) 

for bi-degree reasons. Comparing the previous (l,l)-forms by means of 17- 
geodesic and J-holomorphic coordinates we infer also the identity 

F, = {ve^i\ ^^y',^j{vl)Y = y','M)Y-i,yieTx]. (29) 

We denote by K, , C M. the closed subset of J-invariant Kahler metrics. Its 
tangent space at a point g £lCj is 

iyi = [vec°-{x,slT*x) I V = rvj, d{vj) = 0} . 

We observe also that 

- {veC°"{X,SlT*x) \v ^ J*vJ, d^^^vl = 0}. 
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In fact the condition d{v J) = is equivalent to the condition d,{vJ) = 0, 
which in its turn is equivalent to the condition 

Moreover hold the equalities 

= [v^c°° {x,slT*x)\ V = rvj ,Vgv ^ q] , 

thanks to the 99-lenima applied to the d-closed (1, l)-form vJ. We notice that 
the last identity is also reflected from a comparison of lemma [T] with corollary 

m 

6 The total second variation of W along Kahler 
structures 

We are now in position to show our main result, theorem [51 

Proof. Our proof is based on the decomposition of the general second variation 
formula ([ij via the symmetries explained in lemma |8l which hold thanks to 
lemmas [5] and |6] in the previous section. For notation simplicity we set 

A := - K)* = - {vDY ' 

and 

B [v'X = [vlYf. 
We decompose first the squared norm 

|Vg«|^ - Wgv% + \VgV% 

= |V,B|2 + \VgA\l. 
We observe in fact that for any g-orthonormal (real) basis (efe)^" hold 



= - Tr„ 







Vg.e, B Vg^e. A 



This is because the endomorphisms \7 g^e^B and Vg^efc^ are respectively J-linear 
and J-anti linear. We decompose now the squared norm 
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We explicit first the therm in the middle of the r.h.s since is the most complicated 
one. Using the identity 

and the symmetry in the last two entries k,l, we expand the product therm 



Vgv'j{ej,ek,ei) + Vgv'j{ek,ej,ei) + \7gv'j{ei,ej,ek) 
\7gv''{ej,ek,ei) + \7gv''{ek,ej,ei) + Vg w"(e;, e^-, e^) 

6 Vg v'j{ek, ej,ei) Vg v''{ei,ej,ek) 

- 6gVg B {ek,ej,ei) gVg A{ei,e.j,ek) 



1,0 



6 ff^gij B {ek,ej,ei) gV^j A (ej, e^, e^) 



0,1 



^d'^g.J B (efc, ej , e;) gV^ j A (e/, e^, efe) 
- 6gVl'jB{ek,ej,ei) gVl'j A{ei,ek,ej) 
6Tr, 

'l''jA(vl'jB{*,e,),, 



by m 



^ljA(vl]jBi*,e,),e, 



6 Tr. 



65V^;^B(ei,ej,efe)gV°;^A(ez,efe,e,) by ^ and ^ 



= - 6g[\7i^-BVifAek,e, 
- 6 Tr^^ ' 

= - 6ghl-°BWlfAep,e 



Let (j]k)'^^i C Tx^j,xo be a g J-orthonormal complex basis at an arbitrary point 
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xo & X and let (ej;)^" i = iVk, Jrik)k=i- Then hold the identity 

(V,<,V,<)^ = -6.49(yl°BVl,fArj,,Vr)- 

We consider now g-geodesic and J-holomorphic coordinates centered at the 
point xo and let Cfc := gf^, % := Cfc + Cfe- Let also 



i ^kl Ci 8) Cfe + Conjugate 



and 



B = -BfcjCfe^O + Conjugate, 

be the local expressions of A and B with respect to this coordinates. By using 
the local expressions 

VlfA = idrAf^jQ^Ck + Conjugate, 

Vl'°B = dpB^jCk^Ci + Conjugate, 
at the point xq we infer the identity 

Vl^'^ B Vljf Arip = idrAk,pdpBf^jCi + Conjugate, 



and thus 



6 -4916 



% Or Af^ p Op Bf^ j- 



at the point xq- Using this last equality we will show the following fundamental 
identity 

(v.<,v,<), = 6(a^^^A,a,^^B)^ . (30) 

For this purpose we consider the decomposition of the scalar product at the 
point Xo 



B 



+ {Jiir^Ol^^A,Jr,r^O,^^B 



= Tr„ 



+ Tr, 



{nr^Ol^ A){nr^O^^^B) 

(jrir^O^^^^A) (jrir^O^^ 



Moreover using the local expressions 

9^^ J A = i 9p Afcj- (C* A Cr) <8> Cfe + Conjugate, (at the point xq) 



O^^^B = - SpBfej (a AC;) + Conjugate, 
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we infer the identities 
rir ^ B 



i dr Af.1 Cr Cfc - idi Ak,f Ci «) Cfc + Conjugate , 

- dr Af^j C;* (g) Cfe - di Ak,f Cr ® Cfc + Conjugate , 

- dk Br J Ck®Ci + df Bkj Cfc «) + Conjugate , 



JVr^d^^^B = - idkB^jCk®(,i - idfBkjCk®Ci + Conjugate. 

(By conjugate we mean the complex conjugate of all therms preceding this 
word.) The fact that the endomorphism B is ^-symmetric implies the equality 

Bkj = i^a + o{\z\^) . 

-9iBr,k Cfc ® + drBi k Cfe ® + Conjugate , 

- dfB^ k Cfe + dr B^j C,l®C,i + Conjugate , 

- i djB J, Cfc ® + idr Bi^j, Cfe » + Conjugate , 



Thus hold the equalities 

T 



(^jT]r - ^B 



= - i diB^ j. Ck®Ci + idr Bj.1 Ck ® Ci + Conjugate , 
at the point xq. At this point we obtain the equalities 



Tr^ 



= Tr„ 



{vr-dl^ A) (r^r^d^^ B)^^ 
i di Ck,f dr Bf. I + Conjugate 

(^Jrjr ^ d<^^ A) [jr^r^d^^ B 



and thus 



d'L A,d^ B) = - 



4: me 



i di Ak,f dr Bi^j 



which implies the identity pop . We expand now the squared norm 



1 I - |2 1 I |2 



1 ,2 

-^I'^s^lg + gygB{ek,ej,ei)gVgB{ei,ej,ek) 
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Expanding further the therm 

gVg B (efc, Cj, e/) gVg B (e;, e^, e^) 

= 9^]jB{ek,ej,ei) g^l'^j B {ei,ej,ek) 

+ 9'^ljB{ek,ej,ei) g\/]'°j B {euej,ek) 

+ ffVg;jB(efe,ej,e;) g\/ljB{ei,ej,ek) 

+ 9'^"gjB{ek,e.j,ei) gV^'^j B {ei,ej,ek) 



by ([22]) 



Tr 
Tr 



Vj>(v°:^i?(*,e,),, 

v;;;^,s(vJ;°,B(*,e,),. 



Tr 



We observe in particular that by this computation follows the equalities 



9^1 J B (efc, ej,ei) gV^'j B (e;, e^, e^) 



= g\7]jj B {ek,ei,ej) gV°'j B {ek,ej,ei) by ((261) and 



= 9'^ljB{ek,ei,ej) g\7ljB{ek,ei,ej) by 

I g,J \g 
We expand now the norm squared 

1 ,2 
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In a similar way as we did for the endomorphism section B we expand the therm 
gWg A {ek,ej,ei) gVg A {ei,ej,ek) 



g'^l'j A {ek,e.j,ei) .gV^;° A {ei,ej,ek) 



A {ek,ej,ei) g\/°'j A {ei,ej,ek) 



+ 5V"^j A{ek,ej,ei) gV°') A {ei,ej,ek) 



= Tr, 



Tr^ 



5V";j^(ej,efc,e/) gV°;jA(ej,ei,efc) by (HI 



I 9; J Iff 



In conclusion we obtain the identity 

jiVffH: = iVffSi 



2 (<9£ A,d^ 



B 



I g,J Iff 



and thus 



2 (a?, ^^,9. 



I ff:J Iff 



2 ( as a B 



We observe now the identity 



2 rs.j^lff 



I S,.-' Iff 



9? AY 

I ^x.,/ Iff 



(31) 
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In fact expanding the squared norm 

= 2Tr^(Vl;M)^ 
and using the local expression 

V^fA = idrA^jQ^Ck + Conjugate, 
we infer the equalities 

|V^'° ^1' = 4|9,Afe;|' = \di A? . 

The conclusion follows from the second variation formula ([T]) for the Wn func- 
tional in the Riemannian case. The last variation formula in the statement of 
theorem [5] follows from the identity . □ 

We observe that the last variation formula in lemma [2] follows also from the 
formula ([2|). In fact in the case w G hold the equalities 



\v];'°jA? = |99 A? = Idl A,d^ B 

I 9'-' Is I Tx,,j \g \ Tjij ' 



{vlfBVlfAe, 



I g,-j \g I g,-j I 



thanks to the identities (1291) and (126 



7 Appendix 

7.1 Operators acting on alternating and symmetric ten- 
sors 

We need to explain in this sections a few quite elementary facts in order to fix 
a convention inaccuracy which often occurs in differential geometry. Inaccuracy 
which is source of frequent mistakes. To be precise, with our convention the 
metric induced on the space of forms is the restriction of the metric on the 
space of tensors (without degree multiplicative factors!). 

We consider the natural projectors A : {T'^)®p Apt^ , a ^ A{a) , 

A{a)(vi,...,Vp) ^ ^ a(wai,...,w<Ti) , 
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i.e. 

p 

A{ai (g) • • • (g) ttp) = f\aj = ^ e<T a^ri • • • a<Tp , 

and S : (T|-)®p ^ Spt;. , a 5(a) , 

S{a){vi, ...,Vp) = ^ a{v„,,...,v^^) , 

i.e. 

S {ai ■■■ (g) ap) = S^^j^aj = ^ a^i ® • • • ® . 
Given a Riemannian metric g over X the metric induced over (^T^)'^p is given 

by 

p 

(Q;i(8)---(g)ap,/3i(g)---®/3p)g = n^K'/^j)- 

The restriction of this metric to the subspaces A^TJ and S^T^ is given respec- 
tively by the formulas 

{ai A ... Aap,l3i A ... A I3p)g ^ p\ det {g{ak, Pi)) 

p 

= P-Y. ^-IlfK'/^-,) . (32) 



= E n ■ (33) 

(7eSpj=i 

In fact let prove first the identity ([5^ . Let ^l^j- := g{ai,/3j). We define the 
components (Ao-,T)i,i of the matrix Aa-^r as (Ao-,r)i,j" ^ct^.tj = 5(0^0-; , /3rj )■ 
We define also 

p 

Then 

(ai A ... A ap,/?i A ... A;3p)g = ^ e^e^J^A^,^. 
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The identity ([32]) follow from 

SaSrYlA^^r = p!^£^J|A/,^, (34) 

that we prove below. We observe first the identity 

J2sa]]_Ai^„ = J^SaYlA^j. (35) 

We observe also that for any t £ Sp hold the identity 

crGSp (T^Sp 

since Et- o- = So-St- Moreover 

o"GSp aGSp 



Y^ Ect ]^(^/,r)o-,7 thanks to ([35l 



crGSp 

This combined with (p6| implies (p4|) . The identity ([33l) follows dropping Eg. 
and St in the previous computation. 

Let now (F, h) be a hermitian vector bundle over a Riemann manifold (A/, 5) 
(of dimension m) equipped with a /i- hermitian connection V f and let V be the 
induced hermitian connection over the hermitian vector bundle 

where (•, •) is the induced hermitian product. Moreover consider the first order 
differential operator 

V : ((T;,)®p ®, F) ((n,)®P+i ®^ F) , 

defined by Va(^o, •■•,^p) := V^oa(^i, ...,^p) for aU vectors ^0, ■•■,^p S Tm,x- The 
/i-hermitian connection Vi^ on _F extends to an exterior derivation on the sheaf 
C'^{KpTIj ®^ F) that we still denote by Vf, 

Vf : [K^TIj ®^ F) {A^+'n, ®^ F) , 

The relation with the operator V is 

p 

VFa(?o,...,^p) = ^(-l)^ Va(0,Co,...,4-,...,U • 

i=o 
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We observe that 

V : [K^Tl, ®^ F) ^ (T;, 0, ®^ F) . 

In a similar way we define the operator 

Vf : (^fTXf ®^ F) (5^+1^;^ 0^ F) , 

p 

We observe in fact that 

V : (sptIj ®^ i^) ^ {t;, 0^ s't;, ®, i^) . 

The formal adjoint operator 

V* : ((rXf)®p+i ®^ F) c°° ((r^)®p ®^ F) , 

of the operator V is given by the formula 

V*a (Ci, ...,^p_i) := - Trg Va(-,-,^i,...,^p_i). 

We remark now that V> = (p + 1) V* in restriction to C°°{Ap+'^TIj (g) F), i.e 

= ip + 1) V* : (Af+iTX, 0^ F) ^ (A^n, 0^ . 

In fact this follows from the identity 

(VFa,/3} = (p+l)(Va,/3) , (37) 

for any .F-valued p-form a and any .F-valued {p + l)-form (3. Moreover we 
observe that V> = (p + 1)V* in restriction to C^{Sp+^T;^ (g> F), i.e 

= {p+ 1) V* : C°° {SP+^T*M ®^ F) C°° {SPTIj ®^ F) . 

In fact this follows from the identity 

(vFa,/3)-(p + l)(Va,/3} , (38) 

for any valued symmetric p-tensor a and any valued symmetric {p + 1)- 
tensor /?. Let prove now the identities ([37|) and (|38l). 

Proof of the identity (|37p . Let (^s)^ be a /i-orthonormal frame of the 
bundle F of complex rank r and let {ek)k be a g-orthonormal frame of Tx- For 
any / = (ii, ip), 1 < ife < ife+i < n, we define := A . . . A e^^ . We observe 
that (e})|/|^p is a local frame of the bundle A^Tlj which satisfies (e}, e})^ = 
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if and only if I^J . Moreover |ej|g — p\. We observe also that the coefficients 
of the local expressions 

r m 

s=l ] = l |/|=p 

r 

s=l \K\=p+l 

are related by the formula 

3=0 

where Kj := (fco, fcj, fcp). On the other hand 

n 

i=i 
p 

p 

= (p + l)^(-l)^(Ve,^.a,e*^^®0.) 

which proves the required identity (I37p . 

Proof of the identity (|38p. For any / = (ii,...,ip), 1 < ife < ifc+i < n, 
we define 

We observe that (e})|/|=p is a local frame of the bundle S^T^^ which satisfies 
{e*j, e*j) ^ = if and only if I^J. Moreover 

|ellg = p!eJ(e»i,...,e,J . 
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We observe also that the coefficients of the local expressions 

r m 

= ^li ^3 ® el ® ' 

s=l j=l \I\=p 

r 

s=l |_R-|=p+l 

are related by the formula 

where Kj := (feg, kj, kp). On the other hand 

P / 

= (p + 1) 5Z ( Ve,^ a , Cfc^. - ® 
where Nj := Card {r G {0, . . .p} | fc^ = ^ 1 . Furthermore 

= (g)---(K)er'(g)---(8)efe 
N. V et (g) • ■ • ef~ (g) ■ • ■ et 

cr^Sp-i^l.,(7j—j 



We infer the identities 

p 

which show the required identity ([551) . 
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7.2 The first variation of Perelman's W functional 

We consider Perelman's W-functional 



>V(5,/) 



(IV,/ 



I- Scalg +2/ - m) e^^ dVg 
Scalg + 2/ - m) dFg . 



(We use here the identity AgC'^ = - Agf)e-f.) If we set 

>Vn(5) W{g,log{dVg/n)) , and /i^ := Ric3(n) 



9 , 



then hold the identity 



X 



Thus if {gt)t is a family of Riemannian metrics and ht := h^^ then 



j^Wnig.) 



dt 



X 



X 



Tv^ig^^ht) + 2 log 



dV„, 



n 



Tv^[-g:h; + h;j + TTg,g 



Using corollary [2] and integrating by parts we infer 



X 



g,,-RiCg,{n)) n = - - I {gt,Vg?VgJt) ^ 



at 



1 



+ / (gtXat^atgt) ^ 

Jx ^ ' 9t 



, \Vst5t ,Vg,5t) n 

./x ^ ' 9t 



J^{Vg,gt,VgJt)gn 



= 0, 

which implies Perelman's [Per] variation formula 
d 



dt 



Wnigt) = 



X 
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7.3 The curvature of the space {A4,G) 

We show that the Riemannian space {Ai,G) is non-positively curved. In fact 
let u,v,w G T-L and consider them also like constant valued vector fields over 
M. Using the expression pTj) we expand the Riemannian curvature tensor TZq 
as follows; 

2TZg{u,v)'w = 2Vg.,uS7g,vW - 2Vg,uVg,uW 



2D{Tg{v,w)){u) - 2D{Tg{u,w)){v) 



+ 2VG{u,yG{v,w)) - 2Tg{v,Vg{u,w)) 



vu„w„ + wu*gV* — uTG{v,w)*g — TG{v,w)u*g 



- UVgWg - WVgUg + V ^ G [U , W ] g ^ 

= - 9H^v*a\w*g + w[u*gyg\ 

+ + wlvl) + \[vw*g + 



Tg{u,w) V* 



1 



1 



1 



We obtain the well known formula for the curvature operator of the metric G, 

1 



T^Gig){u,v)w 



9 



(39) 



We remind that the curvature form is defined by the identity 
and the sectional curvature is given by the formula 



aG{u,v) := Rg{u,v,u,v) 



1 



Tr^ 



X 



"9 '^J '"fl 
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We set for notation simplicity U := u* and V := v* . We expand the expression 

[U,V],V]U = {[U,V]V - V[U,V])U 

= {UV^ - 2VUV + V^U)U 
= UV'^U + V^U^ - 2{VUf . 

Taking the trace we obtain 

Tr^ { [[/, , F [/} = 2 Ti^ [V'^U'^ - {VUf] . 

On the other hand we expand the therm 

[U, V]^ = {UVf - VU'^V - UV'^U + {VUf . 
Taking the trace we deduce 

Tr^[U,Vf = Tr^[{UV)^{UV)^ - U'V' - V'U' + {VUf] 

= 2 Tr^ [{VUf - V^U^] . 



Thus 



Tv^{[[U,V],v]u} 



-Tr, [U,Vf 
Tv^{[U,V]-[U,V]l} , 



since the endomorphism [U, V] is (7-anti-symmetric due to the fact that U, V are 
^-symmetric. We infer the well known formula for the sectional curvature of the 
metric G, 

|2 



This shows the required conclusion. 



n ^ . 
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